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Let f be any continuous real-valued function on the interval [--1, I] 
(i.e., f E C[-I, I]), and let pz = p$(.:f) denote, for each n > 0, its unique 
best uniform approximation from rTT,, on [- 1, I], where 7rn denotes the collec- 
tion of all real polynomials of degree at most n. Then, it is well known 
(cf. [2, p. 34, Exercise 31) that the assumption that f is odd implies that each 
pz is odd, whence p:(O) = 0 for every II 1;: 0. Recently, Lorentz [3, 41 
conjectured that the converse is also true, i.e., 
LOREKTZ CONJECTURE I. f’ fir un~,,f~ C[ - I, I]. 
In addition. Lorentz [4] has made the following related conjectures: 
LORENTZ CONJECTURE 2. Jj; ,for my f E C[- 1, I], t/we is atz iy f 0 in 
[-I, l]for tvhich 
p,*(a;.f) I= 0 ,for all I? > 0, (2) 
timf 6 0. 
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30 SAFF AND VARGA 
LORENTZ CONJECTURE 3. If,for anyf~ C[-1, I], 
then f is odd. 
LORENTZ CONJECTURE 4. I’for anyfE C[-I, I], 
then f is even. 
(4) 
The object of this note is to give partial answers to all of the above conjec- 
tures. 
To begin, given any f E C[- I, I] and any nonnegative integer n, set 
+> : = .fW - P,;(x), VXE [--I. I], (5) 
and put 
En(x) := E,(X) -it G--X) = [f(x) -t .f(--x)] - [p,*(x) -;- p,*(-x)], (6) 
so that E, is an even function on [-1, I] for all y1 3 0. It is well known 
(cf. [2, p. 301) that there exist at least n + 2 distinct alternation points 
&y)>jn=:2 such that 
and 
whereA=lorX= -1. 
Noting that i ~,(-$~))l < l/f - p$ ilL,t-r.rl . we have from (8) that 
+l)‘k,(p) I %--p)l 
and hence, for the function E,(x) in (6), there holds 
Now, this oscillatory behavior of E,, implies, from the continuity of E, , the 
existence of zeros of E, in [- 1, 11. The following easily verified lemma 
gives a more precise form of this observation. 
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LEMMA I. Let f E C[-I, I] satisfs 
[f(x) +fc-.$lE C’[-1, 11. (10) 
Then, ji)r each n 3 0, E,L has (counting multiplicities) at least n - I zeros in 
[- I, I], wAere each zero of E,, is counted as having a multiplicity of order at 
most 2, and where any zero of E, counted as having a multiplicity of order 2 is u 
[I:” ,for some j, I < ,j -<I 11 A- 2. 
Concerning Lorentz Conjecture I. \ve now assume that ,f E Cl-l, l] is 
such that 
P;<,$4f) L 0, tilt .:, 0. (11) 
which is a weaker assumption than that made in (1). Evidently, since the se- 
quence { pz(.; f)},yZo converges tofon [- I, I], the assumption of (11) implies 
that 
whence (cf. (6)) 
.f(O) = 0, (12) 
E&O) = 0, Vk ;k 0. (13) 
Thus. in the case when ji f - p&rl l,L,~P1,ll 2 0 (the remaining case being 
trivial), it follows from (I 1) and (12) that no $z7’+1’ can equal zero. But as 
I?~:,,_,(.u) is even with E,,+,(O) -z 0, its (at least) double order zero at x =m- 0 is 
counted only once in Lemma I. Hence, I!&+~ has at least 2k -r 3 zeros in 
[- 1, I] and thus, because of evenness, there must be at least 2k $- 4 zeros in 
[- 1, I]. This is stated as 
LEMMA 2. Let f E C[- 1, 1 ] be such that (I 0) and (11) hold. Then, for each 
k 1; 0, the function ESl+I has (counting multiplicities) at least 2k + 4 zeros in 
[ - 1, I], where each zero is counted as having u multiplicity of order at most 2. 
Next. because of evenness considerations, we can write 
where A,; E rIc . Similarly, we can write 
and we then set 
.f(.y) 7-f-s) = : F(x”), (15) 
l?,(t) : = F(t) - s,,(t), t E [0, I], Vk > 0. (16) 
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This brings us to our first main result, which establishes the partial validity 
of Lorentz Conjecture 1. 
PROPOSITION I. Let ,ft C[- I, I ] sutisjj. the conditions: 
(i) &+l(O;f) := 0 Vk 3 0, and 
(ii) the function F(t) dejncd in (I 5) hns un arzalytic extension F(z) \vhich 
is an entire ,function of exponential type T IcVth 0 -< T < n/Z, i.e., (CT Boas 
[I, I?. m 
Then, f is odd. 
Proqf: By condition (ii), the function R,Jt) defined in (16) satisfies 
R,. E C’&[O, I]. Furthermore, interpreting the result of Lemma 2 for R,(t), 
it follows that f&(t) has at least k t 2 zeros in [0, I]. Thus, by the generalized 
Rolle’s Theorem, there exists a e,:, 1 E [0, I] for which 
But since s,: in,, , (18) implies from ( 16) that 
Also, by condition (i), we have F’(O) ,f(O) 0, and on setting PO : ~= 0, (19) 
can be extended to 
F”‘(/3,) == 0, with j3, i: [0, I], yj .. 0. (20) 
Next, defining G(Z) := F((z ‘- 1)/2), it follows from (17) that G is entire of 
exponential type u with 0 < CT < n/4, and from (20) there exist yj’s such that 
G"'~Jj) 0, with ^J, c [ ~ I. I]. yi 0. (21) 
But using a classical result of Schoenberg [6], the above properties imply 
that G(Z) 0, whence F(z) 0. Recalling the definition of F in (15), it 
follows thatfmust be odd. a 
Remark 1. In Proposition 1, condition (ii) can be replaced by the stronger 
assumption 
(ii)’ f(~) has an analytic extensionf(z) which is an entire function of at 
most order 2 and type h, where 0 -.G ,I -z. n,‘?. 
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Remurk 2. As a special case of Proposition 1, we have that iffis any real 
polynomial function and if condition (i) holds, then f is odd. 
As a simple application of Remark 2, consider any odd degree Zolotareff 
polynomial (cf. [5, p. 411) 
where (7 is defined to be the best uniform approximation to .?-ili 1 -..- g.?“’ on 
[- 1. I] from v.,,,, I . We prove that 
%~,,,A,(o; (7) i 0 for any u f 0, any 171 :;’ 1. 
Indeed. if we assume on the contrary that Z2,1L+1(O; a) mop 0 for some cr # 0, 
then A+ ,(O; ZZi,r,-l) ~= .G+, (0; 0) = 0 for all k :z 1~. Also, from the 
definition of the Zolotareff polynomials, it follows that Z,,,,+,(.u; u) has an 
alternation set consisting of at least 2111 + 1 distinct points in [--I, 11, 
whence p&,.r(s: Z21,1il) c 0 f or all 0 SC k :%I m - I. But then Remark I 
implies that Z,,,,~ ,(.u: G) is an odd function, which is absurd for u + 0. 
Remurk 3. The assumption (i) in Proposition 1 cannot be weakened. i.e., 
no one condition of (i) can be deleted without destroying the conclusion of 
Proposition I. Indeed, for each nonnegative integer ~1, there exists a poly- 
nomial function J),(s) such that 
and such that,f;,, is not odd. To see this, let 7‘,(x) == cos(n cossrx) denote the 
classical Chebyshev polynomial (of the first kind) of degree M and, for 
n7 . 0. set 
We note that Qln+l(0) = 0 and that Ql,SG~r(t) has precisely ~7 f 1 equioscilla- 
tions on the interval 0 < t K 1. Now, set 
Since f:,, E TV,,, 2. , we have p&,,(O;f;,,) =: fn,(0) =- Q1,t-l(0) == 0, for all 
k : 117 I. Furthermore, from (24) the function fiL(~) has an alternation 
set consisting of 2m $ I points in [-- 1, I], and hence p&i.I(x;J;,,) -= 0 for 
all 0 - . . /i X MT -- 1. Thus, (22) holds for all k f n?; however, J,,(.x)(+ 0) is 
an (‘z’c’17 function of x. 
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12cnru/V< 4. IfJ’g C[ ~- I, I], J’=- 0, and if we assume O/T/J- that condition 
(i) holds in Proposition I, then we can deduce that f is certainly not even. 
Indeed, supposef(s) is an even function. Then, the polynomial si,(t) defined 
in (14) is the best uniform approximation from r,,. to F(t) on the interval 
[0, I] for all k 0. But condition (i) implies that s,;(O) 0 v?/i 0, ~vhcncc 
%+,(f) I,, does not have all its zeros in the open interval (0, 1). iJsing a 
lemma of Lorentz (cf. [3. p. 2901) this implies ihat ,c,,(r) 5,. :(t). As 
“,,O ) 0. then .s,,(t) 0 for all /< _.. 0 and hence 0 f-(t) f(@) 
f ( -~~ I/ i ) 2,f( t/i), which contradicts the fact thatj’ -- 0. 
Concernin,g Lorentz Conjecture 2. consider the Ihllowing r.o~l/llo.~.\.rct,i~~~~,. 
For each positive integer 171 I. deline {,,,(.Y) E C[ ~~ I. I] by means ot 
where T,(.v-) denotes, as before. the Chebyshev polynomial (of the lirst 
kind) of degree II. From S. N. Bernstein, it is well known (cf. Lorcntr 
[3. p. 2901) that the partial sums, S,(x; m), offjli(x). defined by 
are the polynomials of best uniform approximation to .I:,) on [- I. I], i.e., 
Then. it is easily seen that Tt13(.x) has q1 as a zero for each j -: IX. whence 
S,?(h ; n7) 0 for each II > 0. But, as fTiL is not identically zero and as 
x,,, ,/ 0, we see from (27) that ft,L constitutes a counter-example to Lorentz 
Conjecture 2 for each 177 I; I. Note that J,,, J. 0 as II? + X. 
Of course, T,,,(X) itself, by the same reasoning, is also a counterexample. 
The reason that the more complicatedf,,, of (25) was considered is to show that 
if the restriction that ‘fis not a polynomial” is added to Lorentz Conjecture 2, 
this conjecture still remains false for certain choices of x 
We remark however that if ,I -= 1 or ,,Y z= ~ I in Lorentz Conjecture 2, 
then indeetlf’~~~ 0. This follows, as in Remark 4, from the fact that pz, r(s;J‘) 
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pz(s; .f) does not have all its zeros in the open interval (~ 1, 1), for all 77 0. 
!t still remains an open problem whether there is some particular value of 
1 ,G (- 1, 1) for which Lorentz Conjecture 2 is valid. 
Turning now to Lorentz Conjecture 3, this conjecture is false as stated 
since ,f‘(x) : x + 1 has &s;f) :_ I, and p,*(x; f) =m .Y -I- 1 for all 11 : 1. 
Thus, { p,j’(.; f))EZO satisfies Lorentz Conjecture 3 without ,f‘bcing odd. This 
suggests modifying this con.jecture by adding the hypothesisf(0) 0: 
With the assumptions of (29), it follows that Q-~(.x-) G,~, r(~~) for each 
i, , 0. so that f -~ p&+1 has at least 2k + 4 distinct alternation points 
it: Oi, “‘~~~~;‘” satisfying (7) and (8). Thus, Lemma I can be directly applied 
to deduce, as in Lemma 2, that IS’~~~~~(X) has at least 2k -1 4 zeros (\vhere each 
zero is counted as having a multiplicity of order at most 2), and moreover, 
the proof of Proposition 1 can be applied without change. Thus, we have the 
following partial affirmative result for the Lorentz Conjecture 3’: 
Turning linally to the Lorentz Conjecture 4, the basic approach we have 
previously used can, with minor modifications, be applied here as IveIl. For 
brevity. we simply state the following partial aflirmative result. 
PROI>~SITION 3. Let f E C[-- ! , I] .sati.sf~~ p&.(.u; ,f) /I& ,.1(.y: .f) f;,r cl// 
I, 0. Lk{inc F(t) by 
f(x) - .f( -s) : .4(x”), (30) 
and ~.~s11177~ thut P IXLS an anal~~tic extemion P(z) )lAicll .sotisfie.s ( 17). Then, 
f i.s ~1~7. 
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